
LogicalNecessityBasedonCarnap’sCriterionofAdequacyNinoB.CocchiarellaAbstractAsemanticsforlogicalnecessity,basedonCarnap’scriterionofade¬quacy,isgiven-withrespecttotheontologyoflogicalatomism.Acalculusforsentential(propositional)modallogicisdescribedandshowntobecompletewithrespecttothissemantics.Thesemanticsisthenmodifiedintermsofarestrictednotionof‘allpossibleworlds’intheinterpretationofnecessityandshowntoyieldacompletenesstheoremforthemodallogic55.Sucharestrictednotionintroducesmaterialcontentintothemeaningofnecessitysothat,inadditiontoatomicfacts,thereare"modalfacts"thatdistinguishoneworldfromanother.Inawell-knownpaperon"ThePhilosophicalSignificanceofModalLogic,"GustavBergmannsuggestedthatonemightmakesenseofpropositionalmodallogicintermsofafour-valuedmatrixinwhichthevaluesaretakenasnecessarytruth,contingenttruth,contingentfalsehood,andnecessaryfalsehood,respec¬tively.1Inthisway,Bergmannclaimed,“onemight...conceivablyarriveatanadequateexplication,verymuchinthestyleoftruthtables,ofwhatcouldbemeantbycallinglogicaltruthsnecessary”(p.483).Suchanexplicationcouldnotsucceed,however,becauseithadalreadybeenshownthatnofinitematrixischaracteristicofmodallogic—oratleastnotofanyoftheso-callednormalsystemsofLewisandLangford.2Whatthisshowed,accordingtoBergmann,wasthatmodallogichasnophilosophicalsignificance.Thisconclusionisnotonlywrong,butwronglybasedaswell.ThisisbecausetheresultinquestionwasprovenintermsofacertaintypeofmatrixknownasaHenlematrix,whichmeansthatitappliestosystemsthatdonotvalidate,foranypositiveintegern,thestatementthatthereareatmostnpropositions—wherebyapropositionwemeanthekindofentitythatcanbeassociatedwithasetofpossibleworlds(orthecharacteristicfunctionofsuchaset).Thatis,theresultappliestosystemsforwhichitisnotassumed(norrejectedforthatmatter)thatthereareonlyafinitenumberofpossibleworlds.This,wemaintain,isasitshouldbe—or,atleast,itcertainlyisasitshouldbeinthecaseoflogicalnecessityasthemodalcounterpartofthesemanticnotionoflogicaltruth,whichistheonlynotionofnecessityconsideredbyBergmann.Inthisregard,theresultisnotaboutthenumberoftruthvaluesthataproposition1G.Bergmann1960.2SeeJ.Dugundji1940.1



mighthave—whichinaHenlematrixisstilljusttwo,namely,truthandfalsity—butaboutthenumberofpossibleworldsinwhichapropositionmightbetrueorfalse.Whatcanbemeantbycallinglogicaltruthsnecessary?Theanswerconsistsinconstructinganappropriatesemanticsforsentential(propositional)modallogic,where□representslogicalnecessityand0representslogicalpossibility,andthendescribeamodallogicthatcancapturethissemanticsbyprovingacompletenesstheoremforthelogic.3ThatBergmann’sfinite-matrixproposalcannotsucceeddoesnotshowthatnosemanticscan.Indeed,inwhatfollowswewillconstructasemanticsforlogicalnecessitybasedonRudolfCarnap’scriterionofadequacyandthemetaphysicalframeworkoflogicalatomism,asemantics,wemaintain,thatprovidesaclearandpreciseaccountofthecon¬nectionbetweenlogicaltruthandlogicalnecessity—atleastwithrespecttothiskindofmetaphysicalframework.4Wewillassumethroughoutthatpossibility,asrepresentedby0,isdefinable(analyzable)intermsofnegationandnecessity,i.e.,that0canbetakenasanabbreviationof-O-i.1TheSyntaxofPropositionalModalLogicAsprimitivesymbolsofpropositionalmodallogicwewilluse‘Wasthesymbolfornegation,>’asthesymbolforthe(material)conditional,and,asalreadynoted,asthesymbolfor(logical)necessity.Thelogicalconstants‘Λ’,‘V’,‘■fV,and‘0’forconjunction,disjunction,biconditionality,andpossibilityaredefinedinthemetalanguage,whichwetaketobeZFsettheory,asfollows(withφ,φ,andχasmetalanguagevariablesforformulas):1.(φAφ)=dfΑψ->·A’)2.{φνψ)=dfΑφ->·φ)3.(ψφ)=df[(ψ->·φ)Λ(φ->·ψ)]4.0φ=df“0“V·Weassumetheusualconventionsaboutsometimesdeletingordroppingparentheses.Inparticular,weassumethat‘A’and‘V’applybefore>’and‘-fA.Wetakethe(potentially)infinitesequencePo,Pi,...,Pn,—,(foreachn£ω)assentenceletters(propositionalvariables).5Becausetheconditional,negationandnecessitysignsaretheonlyprimitivelogicalconstants,wecalltheformulas3Orshow,asisthecaseinquantifiedmodallogicforfullpredicatelogic,thatthesemanticscannotbecompletelycapturedbecauseityieldsanessentialincompletenesstheorem.SeeCocchiarella1975forsucharesult.Suchanincompletenesstheoremdoesnotnullifythesemantics,thoughthistakesusintoconsiderationsthatdonotconcernushere.4Therearereasonstothinkthatnoothersortofmetaphysicalframeworkcansucceedinadequatelyexplainingtheconnectionbetweenlogicaltruthandlogicalnecessity.Thisisnottosay,however,thatotherframeworkscannotaccountfornotionsofnecessityotherthanlogicalnecessity.5Weunderstandωtobethesetofnaturalnumbers.2



oftheresultingsentential(propositional)modallogicmodalCN-formulas,whichwedefineinductivelyasfollows:Definition1ψisamodalCN-formula,insymbols,φGFM,if,andonlyif,φbelongstoeverysetKtowhichPnbelongs,forη£ω,andwhichisclosedundertheformationofconditionals,negationsandnecessity;i.e.,FM=dfΓ)Κ[ΡηGK,forallnGω,andforallφ,ψGK,~*φ,(ψ—»ip),andΏφGK].Thefollowinginductionprincipleisanimmediateset-theoreticconsequenceofthisdefinition.Theorem2(InductionprincipleforFM):If(1)foreachnGca,PnGK,(2)forallψG/i,-φG/i,(3)forallφ,ψGK,{φ—»ψ)GK,and(4)forailφGK,ΏφGK,thenFMCK.2SemanticsforLogicalNecessityAsalreadynoted,anatural,intuitiveformalsemanticscanbegivenforlogicalnecessityifwebaseitonthemetaphysicalframeworkoflogicalatomism.6Thisisbecausealogicallypossibleworldiscompletelydeterminedinlogicalatomismbytheatomicstatesofaffairsthatobtaininthatworld,whichisperhapstheclearestnotionofalogicallypossibleworldthatwecanhave.Thus,ifeachatomicsentenceletteristakentorepresentanatomicstateofaffairs,thenapossibleworldcanberepresentedbyadistributionoftruthvaluestoallofthesentenceletters,i.e.,byacompleterepresentationoftheatomicstatesofaffairsthatobtaininthatworldasopposedtothosethatdonot.7Forconvenience,wewillrepresenttruthby1andfalsehoodby0.Wecallanassignmentof0and1tothesentencelettersatruth-valueassignment.Definition3tisatruth-valueassignment,insymbolstGV,if,andonlyif,tG{0,i.e.ifftisafunctionfromthesetofsententiallettersinto{0,1}.Byamodal-freeformulawemeanaformulainwhichdoesnotoccur,i.e.,inwhichtheonlylogicalconstantsthatoccuraretheconditionalandthenegationssigns.ForthisreasonwewillcalltheseformulasCN-formulas,thesetofwhichisrepresentedby‘FMCN’·6Forafullerdiscussionofthesemanticsoflogicalnecessityinthemetaphysicalbackgroundoflogicalatomism,seechaptersix,“LogicalAtomismandModalLogic”andchapterseven,"LogicalAtomism,Nominalism,andModalLogic,"ofN.B.Cocchiarella1987.7Ifthereareonlyafinitenumberofatomicstatesofaffairs,thendifferentsentenceletterswillbeassignedthesametruthvalue.3



Definition4ψisamodal-freeformula,insymbolsψ£FMCN.ifandon/yif,ψ£FMand□’doesnotoccurinψ.Thetruth-valueinapossibleworldofamodal-freeformulacanofcoursebeinductivelydefinedintheusualwayasfollows.Inparticular,whereψ£FMCN,wewillread‘[=tφ’as‘φistruein(orwithrespectto)fand‘Ftψ’asVisnottrueinf.Thedefinitionisasfollows.Definition5Ift£V,then:(1)\=tPnifft(Pn)=1,(2)\=t-'ψiffFtψ.and(3)1=t{φ-tip)iffeitherFtψor\=tif.Nowamodal-freeformulaisatautology,i.e.,alogicaltruthonthelevelofpropositionallogic,if,andonlyif,thatformulaistrueineverytruth-valueas¬signment,i.e.,ineverylogicallypossibleworldasunderstoodinlogicalatomism.ForconveniencewewillspeakofalogicallytrueformulaasL-true.Definition6Ifψ£FMCN.thenφisL-trueif,andonlyif,forallt£V,KΨ-Thenotionofbeingatautology,orbeingtautologous,canbeextendedtomodalformulasaswellsolongastheyareobtainedfromtautologousmodal-freeformulasbysubstitutionofformulasforsentenceletters.Wedefinethisnotionasfollows.Definition7Ifip£FM,thenipistautologousif,andonlyif,thereisamodal-freeformulaψ£FMCNsuchthat(1)φisL-true(i.e.,tautologous)andφisobtainedfromφbyuniformlysubstitutingformulasforsentencelettersoccurringinφ.Ofcourse,taulologousmodalformulasareL-trueandthereforelogicallynecessary.Theorem8Ifφ£FMandφistautologous,thenψisL-true.Proof.Ifψistautologous,thenitisobtainedfromatautologousmodal-freeformulaφbyuniformlysubstitutingformulasforsentenceletters.IfφwerenotL-true,thentherewouldbeaf£VsuchthatFtφ;butthen,byassigning1or0tothesentencelettersoccurringinφdependingonwhethertheformulassubstitutedforthosesentenceletterstoobtainφaretrueorfalseint,respectively,meansthatFtΦ,whichisimpossiblebecauseφisamodal-freetautologousformula,whichmeansthat\=tφ,forallt£V.■BeingtautologousisnotallthereistoL-truth,andthereforetologicalnecessity,however.Inparticular,therearemodalformulas,suchas(Ώψ—»ψ)andΏ{ψ—»φ)—»{Ώψ—»□?/’)thatarelogicallynecessarybutnottautologous,4



andsoweneedanextendeddefinitionoftruthunderwhichtheseformulasareL-true.SothequestionnowishowarewetoextendtheabovedefinitionoftruthandL-truthsoastoapplyinanintuitivelyacceptablewaytomodalaswellasmodal-freeformulas.AndgivensuchanintuitivelyacceptablenotionofL-truth,anotherquestioniswhatpropositionalmodalcalculus,ifany,capturesasprovableallandonlythemodalformulasthatareL-true?3Carnap’sCriterionofAdequacyRudolfCarnapinhisbook,MeaningandNecessity,proposedthefollowinginformalconventionasacriterionofadequacyforanytruthclauseforlogicalnecessity:foranysentenceφ,ΏψistrueiffψisL-true.Asrestrictedtomodal-freeformulas,i.e.,forψGFMCN,thiscriterionamountsexactlytoψbeingtautologous—i.e.,bytheaboveresults,toψbeinglogicallytrue—whichisthekindofnecessitythatBergmannintendedinhiscriticismofmodallogic.Ofcourse,theproblemBergmannhadinmindisnotwiththetruth-conditionsofΏψwhenψismodalfree,butwithΏψwhenψalreadycontainsoccurrencesofthenecessitysign;butinthatcasethenotionofL-truth,asitoccursintheabovecriterionofadequacy,presupposesthatwealreadyknowwhatitmeansforamodalformulatobetrueinapossibleworld.Notethat,relativetotheframeworkoflogicalatomism,where(onthepropo¬sitionalleveloflogicalanalysis)logicallypossibleworldsarerepresentedbytruth-valueassignments,whatCarnap’scriterionofadequacyamountstoformodal-freeformulas,whentruthisrelativizedtotruthinapossibleworld,isthefollowing:forallψGFMCNandalltGV,Ώψistrueintiffforallt'GV,ψistrueint'.Inthisform,Carnap’scriterionisanexplicittruthconditionforΏψwhenψismodalfree.Ifwenowgeneralizeandapplythissametruthconditiontoformulasingeneral,weobtainanintuitivelynaturalandacceptabletruthconditionforΏψevenwhenψisnotmodalfree(atleastwhen□isinterpretedaslogicalnecessityintheframeworkoflogicalatomism).Theaboveclause,inotherwords,butwhereFMCNisreplacedbyFM,canbedirectlyinsertedintotheinductivedefinitionoftruthinatruth-valueassignment,therebyyieldinganinductivedefinitionoftruthinapossibleworldthatisapplicabletomodalformulasaswell.Thatis,intheinductivedefinitionof‘|=t’givenabove,wecanaddthefollowingnewinductiveclause:(4)1=tΏψiffforallt'GV,\=νψ.ThedefinitionoflogicaltruthastruthinalllogicallypossibleworldscannowbeextendedtoallformulasinFM,andnotjustthoseinFMCN-Definition9IfψGFM,thenψisL-trueiffforalltGV,\=tψ·5



Inregardnowtothecompletenessproblemastowhichpropositionalmodalcalculushasallandonlythelogicaltruthsasitstheorems,weobservefirstthatsuchasystemmustcontainatleastthesystem55.Theaxiomschemesof55areasfollows.1.Ifpistautologous,thenbssp;2.b55Op->p;3.b55Π(ρ->·φ)->·(Dp->·□?/’);4.b55—Op—>Π-1Dip.Theinferencerulesof55aremodusponens(MP)andtheruleofnecessita-tion(N):MP:Ifb55<pandbS5(p->·thenbS5ψ.N:Ifb55<p,thenbS5Dp.Theorem107/bψ,thenpisL-true.Proof.If<pistautologous,then,asalreadyprovedabove,pisL-true.Foraxiom2,supposetGVand|=tDp;thenforHGF,\=fp,andhence|=¿p,whichshowsthatDp—»pistrueateverytGFandhencethatitisL-true.Theproofforaxiom3issimilar.Foraxiom4,supposetGFandthat|=t-Op,andsupposealsobyreductiothatF/Π-Op.Then,bythetruthclausefor□,theremustbesomet'GFsuchthatP#-Op,andhencethat\=fOp,whichmeansthatforallt"GF,|=t"p;butthatisimpossiblebecause,byhypothesis,thereisat"GFsuclithat>Vp.Therefore,if\=t“■□p,then[=tΠ-ιΠρ,whichshowsthataxiom4isL-true.Finally,itisclearthatifpandp—>ψareL-true,thensoisψaswellasDp,whichshowsthatL-truthispreservedundertheinferencerulesMPandN.mThequestionnowisdoestheconverseofthistheoremalsohold?Theanswer,asthefollowinglemmasindicates,isnegative,i.e.,noteverylogicaltruthasdefinedaboveisatheoremof55.First,letusnotethattheruleofuniformsubstitutionisvalidin55,i.e.,ifbssp,thenbssφ(Ρη/ψ),whereψ{Ρη/φ)istheresultofuniformlysubstitutingψforPninp.Lemma11US:7/bS5p,thebs5φ(Ρη/ψ).Proof.Notefirstthatifpisatautology,thesoisψ{Ρη/φ).Also,ifpisaninstanceofaxiomschemes2,3,or4,thenψ{Ρη/φ)isalsoaninstanceofthesameaxiomschema.Finally,wenotealsothattheinferencerulesMPandNpreserveprovabilityin55underUS,fromallofwhichthevalidityofUSin55follows.■Inthenextlemmawenotethatacertaintypeofformula,namely,-Op,wherepismodalfreebutnottautologous,isL-true.Thisisasitshouldbeif6



logicalnecessityisthecounterpartinmodallogicoflogicaltruthinsemantics.Thatis,ifψismodalfreeandnottautologous,thenψisnotL-true,andthereforeitshouldbethatψisnotlogicallynecessary,whichisinfactthecaseinoursemantics.Lemma12Ifψisamodalfreeandnottautologous,then-¡ΏφisL-true.Proof.Ifψisamodalfreeandnottautologous,thentheremustbesometGVsuchthati¿tψ,andhencebythetruthclausefor□,i¿t'Ώψ,forallt'GV,whichmeansthat\=f~Ώψ,forallt'GV,andhencethat-ΏψisL-true.■Finally,wenotethateventhoughPnismodalfreeandnottautologous,forallnGcu,andhencebythepreviouslemmathat-OPnisL-true,nevertheless-OP,,.isnotatheoremof55.Inotherwords,notalllogicaltruthsaretheoremsof55.Lemma13(1)-OPnisnotatheoremof55,i.e.,F55-1DPn;and(therefore)(2)noteveryL-trueformulaisatheoremof55.Proof.If-OPnwereatheoremof55,then,bytheruleofuniformsubstitution,US,~ΏΡη{Ρη/φ\/~>φ)wouldalsobeatheoremof55,i.e.,thenhss~Ώ{ψ\/->ψ),forallformulasψ.Buthssψ\/�ψ,andtherefore,bytheruleN,hssΏ{ψV—>y>),whichwouldmeanthat55isinconsistent.But55isconsistent,notinconsistent,which,byreductio,showsthatF55-OPn.mWhattheaboveproofshows,incidentally,isthatlogicaltruthisnotpre¬servedundertheruleUSofuniformsubstitution.Inparticular,notethatwhereas-OPnisL-true,theresultofsubstituting(ψV->ψ)forPnin-OP„.,namely-Ώ(φ\/-ψ),isnotL-true—and,infact,itisL-false.Uniformsubstitu¬tioncantakeusnotonlyfromlogicaltruthstononlogicaltruths,inotherwords,buttologicalfalsehoodsaswell.Thereasonisthatunlikesentenceletters,notallformulas—e.g,(ψV->ψ)—representanatomicsituationinlogicalatomism.Beforeconcludingthissection,thereisoneusefulfactaboutmodally-closedformulasin55,namelythattheyareprovablyequivalenttotheirnecessitations.Wedefinemodally-closedformulasasfollows,andthenprovethisresultfor55.Weassumeintheproofthatthefollowingthesesarewell-knowntheoremsof55.Westatethetheseshereaslemmas.Definition14ψisamodallyclosedformulaif,andonlyif,ψGFMandeveryoccurrenceofasentenceletterinψoccurswithinthescopeofanoccurrenceof□.Lemma15(TheBrouwerischethesis)ForallψGFM,hssφ—»□<></?.Lemma16Forallφ,ψGFM,hss(Οφ—»□?/’)—>□(<£>—»ip).Lemma17(The54axiom)ForallψGFM,hssΏψ—»ΏΏψ.Theorem18Ifψisamodallyclosedformula,thenhss(ψ-G»Ώψ).7



Proof.NotethatbecauseΏψ—»ψisanaxiomscliemaof55,itsufficestoshowbyinductiononFMthatifψisamodallyclosed,thenhssψ—»Ώψ.Accordingly,letΓ={ψGFM:ifψismodallyclosed,thenhssψ—»Ώψ}.Now.becausePnisnotmodallyclosed,forallnGω,itfollowsvacuouslythatPnGΓ.SupposethenthatψGΓandshowthat-¡ψGΓ.Assume,accordinglythat-¡ψismodallyclosed,fromwhichitfollowsthatψmustalsobemodallyclosed,andhence,bytheinductivehypothesis,hssψ—»Ώψ,andthereforehssψ—»Ώ~>~>ψaswell,fromwhich,bytruth-functionallogic,itfollowsthathss—»->ψ.Butthen,bytheinferenceruleNandaxiomschema3,hss□Ο-1*/?—»Ώ~φ.But,bytheabove(Brouwerische)lemma,hss-ψ—»□<>—κ/?,fromwhichitfollowsthaths5~>ψ—»Ώ-*ψ,andhencethat~>ψGΓ.Supposenowthatψ,ψGΓ,andshowthat(ψ—>ψ)£Γ.Assumethat(ψ—»ψ)ismodallyclosed;thensoareψandψ,andtherefore,sois~>ψ,andhence,bytheinductivehypothesisandbecause~>φGΓ,b55-ψ—»Ώ~>ψandb55V’-:►Ώψ.Now,bytheabovelemma,I-55(ψφ—»□?/’)—»Ώ{ψ—>ψ),andhence,bytruth-functionallogic,I-55(Ώ-*ψV□?/’)—>Ώ(ψ—>ψ);andthereforebs5{~�ψ\/ψ)—■►Ώ{ψ—>ψ),i.e.,b55(ψ—»ψ)—»Ώ(ψ—>ψ),fromitfollowsthat(ψ-¥ψ)GΓ.Finally,assumeψGΓandshowthatΏψGΓ.Butbytheabove(54)lemma,bssΏψ—»ΏΏψ,fromwhichitfollowsthatΏψGΓ.WeconcludebytheinductionprinciplethatFMCΓ.■4AModalLogicforLogicalAtomismIf55isnotcompletewithrespecttologicaltruth,what,ifany,modalcalculusis?Aswewillsee,thesystemdescribedinthissectioncontains55andyieldsastrongcompletenesstheoremforlogicalnecessityasexplicatedabove.Becausethiscalculuscanbetakentorepresentlogicalatomism(onthesententiallevelofanalysis),wewillrefertoitasLat.8TheinferencerulesofL„tareMPandasin55,andtheaxiomsareasfollows:1.Ifψistautologous,then\~Latψ\2·bLat->V’)->·(ÿ<£>->·Πψ);and3.Ifψismodalfreeandnottautologous,thenb¿οί-*Ώφ.Itisofcourseclearfromtheorem10andlemma12thateverytheoremofLatisT-true,andhence,becausenoformulacanbebothtrueandfalseinthesametruth-valueassignment,thatLatisconsistent.8TheaxiomsofLataresimplerthanthesystemdescribedforthispurposeinchapter6ofCocchiarella1987(whichwasoriginallypublishedin1974).ThesimplificationwasgiveninCarroll1978.8



Theorem19Ifl·¡Jatψ,thenψisL-true.Thenexttheoremindicatesthatinlogicalatomismnonew‘Tacts”oftheworldaredescribedbymeansofmodalformulasoverandabovethosethataredescribedbymodal-freeformulas—because,accordingtothatlemma,whatevercanbedescribedbymeansofamodalformulacanalsobedescribedbyaprov-ablyequivalentmodal-freeformula.Thisisasitshouldbeinlogicalatomismwhereallfacts,i.e.,statesofaffairsthatobtain,areultimatelyreducibleto(oranalyzableintermsof)atomicfacts.Theorem20ForallψGFM,thereisamodalfreeformulaψsuchthat\~Lat(ψ�4ή.Proof.LetΓ={</?GFM:forsomemodal-freeipGFMON-,I~LOî(ψG»Ψ)}·ItsufficestoshowbyinductiononFMthatFMCΓ.SupposefirstthatnGω.Then,because\~Lat(PnG»Pn),PnGΓ.SupposenowthatψGΓandshow->ψGΓ.Byassumption,forsomeipGFMCN,KLOí(ψ-G»ip),andtherefore,bytruth-functionallogic,\~Lat{-'ψ+*~ιψ).But-upGFMCN,sotherefore~�ψGΓ.Supposenowthatψ,χGΓandshow(ψ—»χ)GΓ.Byassumption,\~Lat{ψG»4’),forsomeipGFMCN,and\~Lat(χG»ip1),forsomeψ'GFMCN',andtherefore,bytruth-functionallogic,\~Lat{ψG►χ)G»{ip—>ψ').But{ip—»ip')GFMCN,SOtherefore(ψ—»χ)GΓ.Finally,supposeψGΓandshowΏψGΓ.Byassumption,\~Lat{ψ4’),forsomeipGFMCN',therefore,bytheinferenceruleN,axiomschema2,andtruth-functionallogic,\~Lat(Π92G>□?/’)·Weconsidertwosubcasesdependingonwhetherornotip,whichismodal-free,istautologousornot.Suppose,first,thatipistautologous.Then,\~Lat4’,whichmeans,bytheruleN,that\~Lat□Vbandtherefore,bytruth-functionallogic,\~LatΠ92.Consequently,againbytruth-functionallogic,l·Lat(ÿ¥>G>[PnV-iPn]);fromwhichitfollows,because{PnV-1Pn)GFMCN,thatΏψGΓ.Supposenowthatipisnottautologous.Then,bydefinition,-04’isanaxiomofLat,andtherefore\-Lat~Oip,fromwhich,bytruth-functionallogic,itfollowsthath¿at-Οψ.Consequently,bytruth-functionallogic,\~Lat{ΏψG>—i\PnV~ÿPn]),where[PnV->Pn]GFMCN',andso,inthiscaseaswell,ΏψGΓ.Thatis,whetheripistautologousornot,ΏψGΓ.■Thenexttheoremisbothusefulforwhatfollowsandappropriateinregardtologicalnecessity.Itsays,ineffect,thatifaformulaψisnotprovable,thenthelogicalpossibilityofitsbeingfalseisprovable,i.e.,thenΟ�ψisprovable.Theorem21ForallψGFM,either\~LatψorI~ι,αί-Ώψ.Proof.Bytheprevioustheorem,forsomemodal-freeipGFMCN,I~LOí(ψG»ip),andtherefore,bytheruleN,axiomschema2andtruth-functionallogic,\~LatG»□?/’);fromwhich,bytruth-functionallogic,itfollowsthat\~Lat{-Ώψ+*-Ώψ).If4’istautologous,then\~Lat4’,andtherefore,bytruth-functionallogic,\~Latψ·Ontheotherhand,ifipisnottautologous,then\~Lat~Oip,andtherefore,bytruth-functionallogic,h¿at-Οψ.Therefore,eitherI~LatψorΗαί�Οψ.m9



Theorem22(1)F¿oíΏφ->ψ;and(2)l·LOíΦ93-»□<></?.Proof.For(1),wehave,bytheprevioustheorem,either\~Latψor\~ι,αί->Ώφ.But,bytruth-functionallogic,\~Latψ—■>(Ώφ—■>ψ)andhLat-O£>—»(Ώφ—»<¿>),andtherefore,ineithercase,bytheMPrule,\~Lat□φ—>φ.For(2),wealsohave,bytheprevioustheorem,eitherFLOí~�φor\~Lat~Ο-κ/?;andtherefore,bytheruleIVandthedefinitionof0,either\~LatFH93°rKLOíΦ99,i.e.,eitherFLÿ-OV3orFLOíΦ99,andtherefore,againbytheruleN,eitherILatΌ93°rF_LOínoy».But,bytruth-functionallogic,\~Lat~'0φ—■>(0φ—■>□0<£>)and\~Lat—»(<)φ—»□<></?);andsoineithercase\~Lat0φ—■>Π0<£>,whichcompletestheproofof(2).■Wenotethat0φ—»□<></?isequivalentto-*Ώφ—»Ώ~Ώφ,whichmeansthateveryinstanceofaxiomschemes2and4of55aretheoremsofLat,andthatLatisanextensionof55.Ofcourse,becausetheruleUSofuniformsubstitutionisnotvalidinLat,thismeansthatLatisanonclassicalsystem,andhenceanonclassicalextensionof55.Theorem23L„tisanonclassicalextensionof55.Nowifthenecessitysignreallydoesrepresentlogicalnecessity,thenitwouldseemthatanymodallyclosedformulashouldbeeitherL-trueorL-false(i.e.,itsnegationshouldthenbeL-true).Accordingly,ifL„tdoesyieldacompleterepresentationoflogicalnecessity(asunderstoodinlogicalatomism),theneverymodallyclosedformulashouldbeeitherprovableorrefutableinLaf.Thisinfactisthecase,asisindicatedinthefollowingtheorem.Theorem24Ifφismodallyclosed,theneitherl·LatφorV¿oíProof.Assumethehypothesis.SupposeφisnotprovableinLat,i.e.,supposepLatΨ·Then,bytheorem21,\~Lat~'ÿ‘F-But,byassumptionφismodallyclosed,sobytheorem18,Fss(φ-f-»Ώφ),andhence,becauseLatcontains55,Fiat(ψ**□<£>)·Therefore,bytruth-functionallogic,\~Lat~Ψ-■5MaximallyConsistentSetsandStrongCom¬pletenessInadditiontoprovabilityinLatthereisalsotherelationofderivabilitybetweenasetofformulaandaformula,whichwecandefineintermsofprovabilityasfollows.Definition25IfΚυ{φ}CFM,thenKyieldsφinLat,insymbolsK\~Latψ.if,andonlyif,forsomen£ωandψ0,...,ψη_λ£K,\~Lat(V’oA...A■?/’„_1—»φ).9®Notethat,byconvention,ifn=0,then(ψ0Λ...Λψη_1—>φ)isjustφ.10



Thenexttwodefinitionsmakeexplicitthenotionsofconsistencyandmaxi¬malconsistencyinLaf.Maximalconsistencyamountstoacompletedescriptionofapossibleworld,andinthatsensemaximallyconsistentsetsarethesyntac¬ticalcorrelatesofpossibleworlds.RepresentingpossibleworldsintermsofsuchsyntacticalcorrelatesenablesustoprovethestrongcompletenessofLaf.Definition26IfKCFM,thenKisconsistentinLatif,andonlyifthereisnoformulaψGFMsuchthatK\~LatψandK\~Lat~�ψ·Definition27IfKCFM,thenKismaximallyconsistentinLat,insymbolsKGMCL0t,ifandonlyifKisconsistentinLatandforallψGFM,eitherψGKorKU{ψ}isinconsistentinLat.Thefollowinglemmastatesthreewell-knownandobviouspropertiesofmax¬imalconsistencythatareeasilyproved.Lemma28IfKU{ψ}CFMandKGMCLat,then:(1)ψGKifandonlyif,->ψ£K;(2){ψ—»ψ)GAif,andonlyif,eitherψ£KorψGK;and(3)if\~Latψ,thentpGA'.Also,wewillfindthefollowingtheoremusefulinprovingstrongcomplete¬ness.WeassumeforitsproofLindenbaum’slemmathateveryconsistentsetofformulascanbeextendedtoamaximallyconsistentset.Themaximallycon¬sistentsetinLindenbaum’slemmaisprovedtoexistbyawell-knowntypeofconstructionthatwewon’tgointohere.10Theorem29IfKU{ψ}CFM,thenKψif,andonlyif,forallΓGMCLat,*/ACΓ,thenφGΓ.Proof.Assumethehypothesis.Wefirstprovetheleft-to-rightdirectionandassumeKl·Latψ,ΓGMCLat,andKCΓ,andshowthatφGΓ.Wenotethat,byhypothesisanddefinition,Γ\~Latψ\and,therefore,becauseΓis(maximally)consistentinLat,ΓhA->ψ.Now,bylemma28,~>φGΓiffψ£Γ;butif~�ψGΓ,then,bydefinition(andthefactthat\~Lat(“V~¡Γwhich,asalreadynoted,isnotso,whichmeansthat-iφ£Γ,andhenceφGΓ,whichwastobeshown.10AbriefsketchofLindenbaum’slemmaisasfollows.SupposewehaveaconsistentsetKCFM,andthatφ1,...,φηisanenumerationofFM.ThenwerecursivelydefineafunctionΓasfollows:1.Γ0=Ko-p,,_/ifWl“Loi~�Ψη+1n+iy{φη+1}otherwiseWethenshowΓηisconsistentforallnGω,fromwhichitfollowsthatΓ*=υ„ςωΓ„isalsoconsistent,andyetifCΓ*GMCLat■11



Fortheconversedirection,assumenowinsteadthatforallΓGifKCΓ,thenψGΓ,andshowthatKφ.Assume,byreductio,thatKFsψ·ThenKU{~�ψ}isconsistentinLat,andtherefore,byLindenbaum’slemma,thereisaΓGMCLatsuchthatKU{->ψ}CΓ.ButthenKCΓ,andsotherefore,byassumption,ψGΓ.Butwealsohave~�ψGΓ,whichmeansthatbothΓ\~LatΨandF\~Lat-,(Λϊ·θ·;thatΓisnotconsistentinLat,whidiisimpossiblebecause,byassumption,Γis(maximally)consistentinLat.■Ingeneral,ifKisamaximallyconsistentsetofformulas,i.e.,KGMCLat,thenthereisexactlyonetruth-valueassignmenttGVsuchthatforallnGcu,t(Pn)=1iffPnGK.WeshalluseΗχ’torepresentthisuniquetruth-valueassignment.InLat,asournexttheoremindicates,membershipinamaximallyconsistentsetKamounts—forallformulas,andnotjustsentenceletters—totruthinthepossibleworldrepresentedbytx.Definition30IfKGMCLat,thentx=dfthetGVsuchthatforallnGcu,t(Pn)=1iffPnGK.Theorem31IfKGMCLat.thenφGKiff\=tKψ.Proof.AssumethehypothesisandletΓ={ψGFM:ψGΚiff\=tKψ}.ItsufficestoshowbyinductiononFMthatFMCΓ.Therearefourcasestoconsider.Case1:bydefinition,forallnGcu,PnGKiff\=tKPn.sothereforePnGΓ.Case2:AssumeψGΓ,andshowthat-ψGΓ.Then,bytheinductivehypothesis,ψGKiff\=tKψ,andthereforeψ£KiffFtKφ,andhence,bylemma28,~>φGKiff\=tK~�φ,whichshowsthat~�ψGΓ.Case3:Assumeφ,V’GΓ,andshowthat(φ—»if)GΓ.Then,bycase2,~�ψGΓ,i.e.,-¡ψGKiff1=tK-iψ,andbytheinductivehypothesis,ψGKiff\=tKψ.But,bytheabovelemma28,(φ—»if)GKiffφ£KorψGK,i.e.,iffFtKφor\=tKψ,andhence,iff\=tK(ψ—>if),whidishowsthat(φ—»if)GΓ.Case4■SupposeφGΓandshowΏψGΓ.Now.bytheorem24,\~Lat□ψorhioi-C\ip.Supposefirstthat\~LatΠψ.Then,bylemma28,ΏψGK.Also,bytheorem19,ΏψisL-true,whichmeans,bydefinition,thatforalltGV,|=<Ώψ\hence,becausetxGV,I=tKΏψ.Itfollows,accordingly,thatΏψGKiff\=tKΏψ.Supposenowthat\~LatΏψ.Then,becauseKGMCLat,~ΏψGK;andtherefore,bylemma28,ΏψfiK.Also,bytheorem19,~>ΏψisL-true;hence,bydefinition,foralltGV,\=t-*Ώψ.ButtxGV,andso\=tK~Ώψ,andthereforeFtKΠφ.Accordingly,ΏψfiKiffFtKΏψ·,andtherefore,ΏψGKiff\=tKΏψ.Thusincaseeither\~LatΏψor\~LatΏψGΓ.ItfollowsbytheinductionprinciplethatFMCT.■Inlogicalatomism,aswehavealreadynoted,logicallypossibleworldsarecompletelydeterminedbytheatomicstatesofaffairsthatobtaininthoseworlds.Thismeansinparticularthatno“new”factsarerepresentedbyconditionalformulasorthenegationsofformulasotherthansentenceletters.Italsomeans,asnotedabove,thattherearenomodalfacts,i.e.,factsrepresentedbymodalformulasthatarenotreducibletotheatomicfactsrepresentedbysentence12



letters.Inotherwords,inlogicalatomism,worldsthatareindiscernibleintheiratomicfactsareindiscernibleintheirmodalfactsaswell.Anycalculusthatpurportstorepresentlogicalatomism,accordingly,mustbesuchthatmaximallyconsistentsetsofformulasofthatsystemwillbeiden¬ticalif,andonlyif,theycoincideontheatomicsentencesinthosesets,i.e.,if,andonlyif,theydeterminethesametruth-valueassignment(asasemanticrep¬resentationofalogicallypossibleworld).Intermsofthiscriterionofadequacy,wejustifyourclaiminthefollowinglemma,whichisanimmediateconsequenceoftheorem31,thatL„tisanadequaterepresentationoflogicalatomism.Lemma32IfK,K'GMCLatandίχ=t-ÿ'.thenK=K'.WearenowreadytoprovethecompletenesstheoremforLnf.Indoingsowefirstintroducethenotionoflogicalimplication,or,forbrevity,L-implication,thatcorrespondstoderivabilitythewaythatprovabilityinL„tcorrespondstoL-truthasdefinedabove(orsowewillprove).Intuitively,theideaisthatasetofpremiseslogicallyimpliesaconclusionψif,andonlyif,ψistrueineverylogicallypossibleworldinwhichallofthepremisesaretrue.Intheorem34,weshowthatlogicalimplication(asexplicatedhere)coincideswithderivabilityinLat,whichisourstrongcompletenesstheorem.Animmediatecorollaryisthatlogicaltruth(asexplicatedhere)coincideswithprovabilityinLat,whichisthesameasderivabilityfromzeromanypremises,i.e.,fromtheemptyset.Definition33IfTU{φ}CFM,thenΓL-impliesψiffforalltGV,if\=tΦ,forallψGΓ,then\=tφTheorem34(StrongCompleteness):Γ\~LatψiffΓL-impliesψ.Proof.SupposefirstthatΓ\~LatψandshowthatΓL-impliesψ.Then,bydefinition,\~Lat(V’oA...AV’n-iψ)ιf°rsomeV’o;···ÿ>Ψη-ι£Γ;andhence,bytheorem19,(tp0A...AVV-i>φ)isL-true.SupposenowthattGVandthatforallψGΓ,\=tψ.Then,byassumption,\=t(ÿtp0A...AVv_i)and;bydefinitionofL-truth,|=t(ÿtp0A...A—»ψ),fromwhichitfollowsthat\=tφ;andhencethatΓL-impliesφ.Fortheconversedirection,supposenowthatΓL-impliesφandshowΓ\~Latψ.Then,bytheorem29,itissufficienttoshowthatforallKGMCLat,ifΓCK,thenφGK.Suppose,accordingly,thatKGMCLatandthatΓCK.Bytheorem31,forallψ,ψGKiff|=tKψ.Therefore,forallψGΓ,\=tKψ;hence,byassumptionanddefinitionofL-implication,\=tKφ,fromwhichitfollows,bytheorem31,thatφGK.mCorollary35(WeakCompleteness):\~LatψiffψisL-true.InadditiontothesyntacticalnotionofconsistencyinLat,wealsohaveasemanticalnotion.Thatis,asetofformulasissemanticallyconsistentif,andonlyif,thereissomelogicallypossibleworldinwhicheveryformulainthesetis13



true.Theorem37below,whichindicatesthatthesyntacticandsemanticnotionsofconsistencycoincide,amountstoanotherversionofthestrongcompletenesstheoremforLat.Definition36KissemanticallyconsistentiffforsometGV,\=tV’>foripeK.Theorem37KissemanticallyconsistentiffKis(syntactically)consistentinLat·Proof.SupposefirstthatKissemanticallyconsistent,and,byreductio,thatKisnot(syntactically)consistentinLat.Then,forsometGV,\=t4’,forallψGK,andyetforsomeψGFM,K\~Lat4’andK\~Lat_,V’·Butthen,bystrongcompleteness,K|=¿4’andK\=t->ψ,whichisimpossible,becausethen\=t4’and1=t-iψ·Fortheoppositedirection,assumeKis(syntactically)consistentinLat·Then,byLindenbaum’slemma,thereisamaximallyconsistentsetΓGMCLatsuchthatKCΓ.Butthen,bytheorem31,htrψforallψGΓ,andthereforehtrψforallψGK,whichshowsthatKissemanticallyconsistent.■ThiscompletesouraccountofthesemanticsforlogicalnecessityasbasedonCarnap’scriterionofadequacyandofthemodalpropositionalcalculusL„tthatiscompletewithrespecttothatsemantics.Itisinstructivetoconsiderhowthissemanticsdiffersfromonesimilartoitbutwhichiscompletefor55.Thefundamentaldifference,itturnsout,isasecondaryreading,or"cutdown",onthenotionallpossibleworlds,andwhatcomeswiththissecondaryreadingarethepossibilityofmodalfactsaspartoftheworldoverandabovetheatomicfactsthatmakeitupinlogicalatomism.6ASemanticsforS5:AllPossibleWorlds“CutDown”OurreformulationofCarnap’scriterionofadequacyforlogicalnecessityasatruth-conditionforformulasoftheformΠφconstruesnecessityasauniversalquantifieroveralllogicallypossibleworlds—whereeachlogicallypossibleworldisrepresentedbyatruth-valueassignment,i.e.,byaspecificationofalloftheatomicstatesofaffairsthatobtaininthatworld.Onthisinterpretation,aswesawabove,therearemorelogicaltruthsthantherearetheoremsof55.Itispossibletogivearestricted,orsecondary,interpretationofthenotionofallpossibleworlds,however,underwhichthevalidformulasarenoneotherthanthetheoremsof55—i.e.,aninterpretationwithrespecttowhichwecanobtainacompletenesstheoremfor55.Therestricted,orsecondary,interpre¬tationfornecessityissimilartotherestrictedinterpretationforquantificationoverarbitraryproperties,orclasses,insecond-orderpredicatelogic,wheretheinterpretationinvolvesstructurescalled“nonstandard”models.Theideaofthisinterpretationistodealnotnecessarilywiththewholeoflogicalspace,i.e.,with14



alllogicallypossibleworlds(asexplicatedinlogicalatomism),butwitharbi¬traryregionsoflogicalspace,bywhichwemeanarbitrarynonemptyclassesofpossibleworlds.Thenewinterpretationofnecessitythenisnotasaquantifieroveralllogicallypossibleworldsbutratherwithallthepossibleworlds(truth-valueassignments)inagivenregionoflogicalspace,i.e.,inagivennonemptyclassofpossibleworlds.Forthisreason,thenotionoftruth(orfalsity)isnolongersimplytruth(orfalsity)inagivenlogicallypossibleworld,buttruth(orfalsity)inapossibleworldrelativetoagivenclassofpossibleworlds(orregionoflogicalspace),anotionthatallowsfortheimportationofmaterialcontentintothemeaningofnecessity,andhencesomethingotherthanlogicalnecessity.Definition38IfTCVandttΓ.then:(1)\=fPnifft(Pn)=1;(2)\=Tφ;(3)1=J(ψ->·V’)iffeitherPfψor\=Jψ;and(4)\=tifff°raUt'eT-\=ϊ'Ψ-Note:Weread‘f=fφ’as‘ψistruein(region)Tat(world)t’.Oneinvarianceconditionwecannowdefineistruthatallworldsinaregionoflogicalspace,i.e.,atallworldsintheclassofworldsmakingupthatregion.IfTisanonemptysubsetofV,theninvarianttruthatalloftheworldsinTwillbecalledT-validity.Definition39IfTCVandTÿO,thenφisT-validiffforallt£T.\=fψ.Ofcourse,logicaltruth,i.e.,truthinalllogicallypossibleworldsoflogicalspace,isthemostgeneralinvarianceconditionoftruth,whichmeansthatifψisL-true,thenψisT-validforallTCV.Lemma40IfφisL-true,thenφisT-validforallnonemptyTCV.Afterlogicaltruthasinvarianttruthinalllogicallypossibleworlds,thenextmostgeneralnotionofinvarianttruthisT-validityforallregionsToflogicalspace,i.e.,truthateveryworldineveryregionoflogicalspace.Wewillcallthisnotionvaliditysimpliciter.Forconvenience,wewillalsospeakofvalidimplicationinthisrestrictedsensebetweenasetofpremisesandaconclusionasv-implication.Definition41IfKU{φ}CFM,then:(1)φisvalidiffforallnonemptyTCV,ψisT-valid;and(2)Kt»-impliesψiffforallnonemptyTCVandalltGT,if\=Jif,forallifeK,then\=Jψ.ItfollowsfromthepreviouslemmathatifψisL-true,thenψisvalidsim¬pliciter.Butasalreadynotedintheorem10,alltheoremsofS5areL-true;andsothereforealltheoremsofS5arevalidsimpliciter.15



Lemma42If\~s5ψ,thenψisvalid.Derivabilityin55isdefinedinanentirelysimilarwayasderivabilityinLat,exceptofcourserelativetotheaxiomsof55asopposedtothoseofLaf.Definition43IfKU{ψ}CFM,thenKhssψif,andonlyif,forsomenGωandsomeψ0,...,φη-ι£bs5V’oΛ···ΛΨη—ιΨ·Asthefollowingtheoremindicates,conclusionsderivablefrompremiseswithin55arev-impliedbythosepremises;thatis,55issoundwithrespecttothisinterpretationofimplication.Becausevalidityisequivalenttov-implicationfromtheemptysetofpremises,wehavethefollowingobviousresult.Theorem44IfThssψ,thenΓv-impliesψ.Proof.Supposerhssψ.Thenforsomeψ0,...,φη_1GΓ,hssΨοΛ···Λψη-ι->·φ,andthereforeψ0Λ...Λι/V-i—»ψisvalid.ButforanyTCVandanytGTsuchthatforallχGΓ,\=Jχ,wethenhave|=Jipj,forall*<η—1,andhencebythetruthconditionsfor—>,\=Jφ;andtherefore,bydefinition,Γv-impliesφ.■7ACompletenessTheoremfor55WesawinregardtothenotionofL-truththatifK,K'GMCLatandίκ=t-ÿ',thenK=KByassociatingeachpossibleworldoflogicalatomismwiththemaximallyLat-consistentclassofformulasthatrepresentthefactsorstatesofaffairsthatobtaininthatworld,thisresultindicatesthatworldsindiscernibleintheiratomic(nonmodal)factsareindiscernibleintheirmodalfactsaswell.This,itshouldbeemphasized,isaconsequenceofthesemanticalclausefornecessitythatinterpretsitasaquantifieroveralllogicallypossibleworlds(asexplicatedinlogicalatomism).Nosuchsimilarresultholdsinourpresentsecondarysemanticsfornecessity,i.e.,thesemanticswithrespecttowhich55willbeshowntobecomplete.Inparticular,whereMCsr,isthesetofallsetsofformulasthataremaximallyconsistentin55,wewillshowthatthereareK,K'GMCsssuchthattK=tRi,andyetKφK'.Thatis,intheworldsrepresentedby55(orthemaximally55-consistentsetsofformulas),thereare“modalfacts”overandabovethenonmodalfactsthatobtaininthoseworlds.Semantically,thereasonforthisdifferenceisnoneotherthanthefactthatnecessityisnowbeinginterpretedasarestrictedquantifier,i.e.,asaquantifiernotoveralllogicallypossibleworlds,butonlyoverallpossibleworldsinaregionoflogicalspace,i.e.,allpossibleworldsinagivennonemptyclassofpossibleworlds.WearedealingnownotwithmaximallyLat-consistentsetsofformulasascompletedescriptionsofpossibleworlds,itshouldbeemphasized,butwithmax¬imally55-consistentsetsinstead.Thedefinitionsofconsistencyandmaximalconsistencyin55areassumedtobedefinedinessentiallythesamewaytheyare16



definedforLatandthatthepropertiesofmaximal55-consistentsetsofformulasareastheyareformaximalL(ÿ-consistentsetsasdescribedinlemma28.Thequestionweareconcernedwithiswhatconditionsofcomplete(i.e.,maximally55-consistent)descriptionsofpossibleworldssufficefortheindiscernibilityofthoseworlds?Weanswerthisquestioninthefollowingtwotheorems.Inpar¬ticular,asthesecondtheoremindicates,thepossibleworldsrepresentedbymaximally55-consistentsetsofformulasareindiscernibleiftheycontainthesameatomicfactsandthesamenecessaryfacts(andthereforethesamepossiblefactsaswell).Theorem45IfΓGMCss,Θ={KGMCss:forallψ,ifΏψGΓ,thenψGK}andT={ίχ■KGΘ},thenforallKGΘ:(1)ΏψGΓiffΏψGK;(2)ifφGKand-ΏψGK,thenthereisaK'GΘsuchthat~�ψGK';and(3)ψGKiff\=fKψ.Proof.AssumethehypothesisandthatKGΘ.For(1),supposefirstthatΏψGΓ;then,becausehss{Ώψ—»□□<£>)andΓGMCsb,ΏΏψGΓ;andtherefore,becauseKGΘ,ΏψGK.Suppose,conversely,thatΏψGKbutthatΏψfiΓ.Then,becauseΓGMCss,~ΏψGΓ.Buthss(“Oÿ—»□-■□φ),and,thereforeΏ-ΏψGΓ,fromwhichitfollowsbydefinitionofΘthat-ΏψGK.Thatis,Kistheninconsistent,whichisimpossiblebecauseKGMCss-Therefore,ΏψGΓiffΏψGK.For(2),supposethatψGKand-ΏψGK.LetΞ={Ώψ:ΏψGK}andshowfirstthatΞU{~�ψ}is55-consistent.Byreductio,assumethatΞU{~�ψ}isnot55-consistent,i.e.,thatΞU{->ψ}hss-ι(χ—»χ),forsomeχ.Then,bysententiallogicandtheDeductionTheorem(whichisprovablefor55inthestandardmanner),hssΏψ0A...ΛΏψη_λ—»ψ,forsomeΏψ0,...,Ώψη_λGΞCΚ.Accordingly,bysententiallogic,thedistributionof□over—>,andotherwell-knownpropertiesof55,hssDDi/’oΛ...Λ—>Ώψ\andtherefore,becausehss{Ώψί□□�/>i),foralli<n,hssΏψ0A...ADî/’ÿ-ÿ—>Ώψ\thatis,Ξh55Ώψ.Butthen,becauseΞCK,KΏψ,whichisimpossiblebecause-ΏψGKandKGMCss·Weconclude,then,thatΞU{~�ψ}is55-consistentafterall.Accordingly,byLindenbaum’sLemma,thereisasetK'GMCsr,suchthatΞU{-iψ}CK'.But,forallχ,ifΠχGΓ,then,by(1),becauseKGΘ,□χGK,andtherefore,bydefinition,ΠχGΞCK'.ButhssΏχ—>χ,andtherefore,χGK',fromwhichitfollowsthatK'GΘ.For(3),letΔ={ψGFM:forallKGΘ,ψGKiff\=[κψ}.ItsufficestoshowbyinductionthatFMCΔ.Therearethenfourcasestoconsider.Case1:SupposenGOJandshowPnGΔ.Butbydefinitionoftx,whereKGΘ,PnGΔ.Forcase2:SupposenowψGΔandshow~�ψGΔ.But,bytheinductivehypothesis,forKGΘ,ψGKiff\=fψ;andthereforeψfKiffY=JKψ,fromwhichitfollows,becauseKGMCss,that~�ψGKiff|=JThatis,-¡ψGΔ.Forcase3:Supposeψ,ψGΔandshowthat{ψ—»ψ)GΔ.Then,whereKGΘ,bytheinductivehypothesis,wehaveboth{ψGKiff1=Jψ)and{ψGKiff|=Jψ);andthereforebythetruth-clausefor{ψ—>ψ)17



andthe55analogueoflemma28,(ψ—»ip)GKiff\=f(ψ—»ip),fromwhichitfollowsthat(ψ—»ip)GΔ.Case4:Finally,supposeψGΔandshowΏψGΔ.Assume,accordingly,thatKGΘand,fortheleft-torightdirection,thatΏψGK.Then,by(1)above,ΏψGΓ.SupposenowthatÍGT,i.e.,thatt=tK>,forsomeK'GΘ,andshow\=Jψ.Then,againby(1)above,ΏψGK'\andtherefore,becausehss{Ώψ—»ψ),ψGK'.Then,bytheinductiveassumption,\=J,ψ,i.e.,|=fψ;fromwhichweconclude,bythetruthclauseforΏψ,that\=fΏψ.Hence,ifΏψGK,then|=JΏψ.Fortheconversedirection,assumethat|=JΏψandshowthatΏψGK.Notethat,bythetruthclauseforΏψ,\=Jψ,foralltGT,andhence,inparticular,\=fKψ;therefore,bytheinductivehypothesis,ψGK.ToshowΏψGK,suppose,byreductio,Ώψ£K.Then,becauseKGMCs5,~*ΏψG/i;andtherefore,by(2)above,thereisaK'GΘsuchthat~�ψGK'.ButthenψK',and,bytheinductivehypothesis,,ψ,whichisimpossible,because\=[ψ,forallί£Γ,andtK>GT.Finally,bycases1-4,itfollowsbytheinductionprinciplethatFMCΔ.■Theorem46IfK,K'GMCs5,Hr=tK',andforallψGFM,ΏψGΚiffΏφGK',thenK=K'.Proof.AssumethehypothesisandletΔ={ΓGMCsr,:forallψ,ifΏψGK,thenψGΓ}andT={ir:FGΔ}.ThenK,K'GΔ,andthereforebycondition(3)oftheorem45above,wehaveforallψGFM,both(ψGΚiff1=£ψ)and(ψGK'iff|=J(ψ);andhence,becauseHr=tK>,ψGKiffψGK',fromwhichitfollowsthatK=K'.■Corollary47IfK,K'GMCsr,,Hr=Hr'’andforallψ,()ψGKiff()ψGΚ',thenΚ=Κ'.Proof.Byprecedingtheoremanddefinitionof0.mTheorem48IfΓv-impliesψ,thenΓhssψ.Proof.Assumethehypothesis.Bythe55-analogueoftheorem29(theproofofwhichisessentiallythesameasforLat),itsufficestoshowthatforallKGMCS5,ifΓCK,thenψGK.Assume,accordingly,thatKGMCssandthatΓCK.LetΔ={K'GMCsb'ÿforallip,ifΏψGK,thenipGK'}andT={Hr:KGΔ}.ThenKGΔ,andbycondition(3)oftheorem45,forallipGKiff\=[Kip.ButΓCK\therefore,\=[Kip,forallipGΓ.Bythehypothesis,then,itfollowsthat|=Jψ;andthereforeψGK.mBytheorems44and49together,wehaveourstrongcompletenesstheorem,fromwhichtheweakcompletenessfollowsasacorollary.Theorem49(StrongCompleteness):Kv-impliesψiffKhssψ.18



Corollary50(WeakCompleteness):ψisvalid,iff\~shψ·JustasthereisasecondarynotionofvaliditycorrespondingtotheprimarynotionofL-truth,andasecondarynotionofv(alid)-implicationcorrespondingtoL-implication,sotoowehaveasecondarynotionofsemanticconsistencywithrespecttowhichweanotherversionofthestrongcompletenesstheoremfor55.Definition51Γissemanticallyconsistent2iffforsomeTCVandforsometGT,forallψGΓ,\=Jψ.Theorem52Γissemanticallyconsistent?iffΓisSh-consistent.Proof.Essentiallythesameasfortheorem37.■Finally,letusproveherewhatweclaimedearlier,namelythatwithrespecttothe"cutdown"semanticsfor55,therearepossibleworlds(asrepresentedbymaximally55-consistentsets)thathavethesameatomicfactsandyetthatarenotidentical.Lemma53ThereareK,K'GMCsr,suchthattx=tKiandyetKφK'.Proof.LetΓ={Pn:nGcu}U(DPi},andlett(Pn)=1forallnGcu.Also,letΓ'={Pn:nGcu}U{-OPi}andletPipx_/1forallηφ1_[n)\0forη=1’andfinallyletT={t}andΤ'={t,t'}.ThenforallφGΓ,\=fφandforallψGΓ',I=J,φ;i.e.,Γ,Γ'aresemanticallyconsistent2-Therefore,bytheorem53above,ΓandΓ'are55-consistent,andhence,byLindenbaum’slemma,thereareK,K'GMCsr,suchthatΓCKandΓ'CK'.ButclearlybecauseDP±GKand-iQPiGK',KφK',andyet,becauseΓΠΓ'={Pn:nGcu},wehaveitthatt¡s=t=t¡si·■8ConcludingremarksCarnap’scriterionofadequacyforlogicalnecessityleads,aswehaveseen,toanintuitivelynaturalsemanticsforlogicalnecessity,evenifonlywithrespecttothemetaphysicalframeworkoflogicalatomism(whichmaybetheonlymeta¬physicalframeworkinwhichacoherentaccountoflogicalnecessityasthemodalcounterpartoflogicaltruthcanbegiven).Thiskindofsemanticsforlogicalne¬cessityhasbeengivenformodalpredicatelogicaswell,butwithmixedresultsinregardtothequestionofcompleteness.11Thekindofresultsweestablishedhereforpropositionalmodallogiccanbeshownformodalmonadicpredicatelogicaswell,which,incidentally,likemodal-freemonadicpredicatelogicisalsonSeeCocchiarella1975,andsections1-2ofCocchiarella1984.19



decidable.Butoncerelationalpredicatesandinfinitedomainsarebroughtintothepicture,then,insteadofacompletenesstheorem,whatcanbeshownisanessentialincompletenesstheorem.Sucharesultdoesnotaffectthephilosophi¬calsignificanceofthesemanticsoflogicalnecessity,butonlythepossibilityofacomplete(recursive)axiomatizationforthefullmodal-predicatelogicoflogicalnecessity,andinthatrespectitsphilosophicalsignificanceisnolessimpairedthanisthatofarithmeticwhichisalsoincompletewithrespecttoitsintuitivelynaturalsemantics.Thephilosophicalsignificanceofthe"cut-down"semanticsoftherestrictednotionofnecessityisanothermatteraltogether.Thesemanticsisphilosophi¬callydefectiveinatleastonerespect:namely,thatnoexplanationorrationaleisgivenfortherestrictedinterpretationof‘allpossibleworlds’inthesemanticalclausefornecessity.Thisisnottosaythatsucharationalecannotbegiven(withrespect,e.g.,toatemporalorcausalframework).Tobesure,a"cut-down"ofthenotionofallpossibleworldsdoesprovidethebasisforasecondarynotionofvalidity,andinparticularanotionofvaliditywithrespecttowhich55iscomplete.12Butsucharesultcannotalonebethegroundsforacceptingsuchasecondarynotionofallpossibleworlds.Whatisneededisanindependentsemanticalprinciplethatprovidesaconceptualgroundforsucha“cut-down”ofthemeaningof‘allpossibleworlds’inthesemanticsforD.13References[Bergmann,G.][Carnap,R.][Carroll,M.J.][Cocchiarella,N.B.]"ThePhilosophicalSignificanceofModalLogic,"Mind,n.s.,vol.69(1960):466-485.MeaningandNecessity,UniversityofChicagoPress,Chicago,1947."AnAxiomatizationof513,"Philosophia,PhilosophicalQuarterlyofIsrael,vol.8(1978):381-382."OnthePrimaryandSecondarySemanticsofLogicalNe¬cessity,"JournalofPhilosophicalLogic,vol.4,no.1(1975):13-28.[Cocchiarella,N.B.]"PhilosophicalPerspectivesonQuantificationinTenseandModalLogic,"HandbookofPhilosophicalLogic,vol.II,1984:309-353.12But,asshowninKripke1962,modalmonadicpredicatelogicisnotdecidablewheninterpretedwithrespecttothis"cut-down"versionofnecessity.Indeed,unlikethesituationinmodal-freemonadicpredicatelogic,relationalcontentcanbeexpressedintermsofmonadicpredicatesandmodaloperators.(SeeCocchiarella1984,section3,foradiscussionofthisissue.)13ForadiscussionandanaccountofseveralsuchsemanticalprinciplesseeCocchiarella1984,especiallysection15.Simplycallingsuchanotionofnecessity"metaphysical",incidentally,doesnotamounttoprovidingsuchanaccount.20
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